Heart disease is the leading cause of mortality in the United States. One cause of heart arrhythmia is calcium (Ca 2+ ) mishandling in cardiac muscle cells. We adapt Izu's et al. mathematical reaction-diffusion model of calcium in cardiac muscle cells, or cardiomyocytes, [14] , implemented by Gobbert [12], and analyzed in Coulibaly et al.
Introduction
Every heartbeat requires the coordination of many subsystems in the heart cells including the electrical system, the Ca 2+ control system, and the contractile system. This coordination is called excitation-contraction coupling [3] . The Ca 2+ control system couples the electrical excitation and contraction of the myofibrils. Under normal conditions Ca 2+ release into the cytosol is triggered by the action potential generated by the electrical system. However, a variety of conditions can result in Ca 2+ being spontaneously (independent of the action potential) released. This spontaneous Ca 2+ release can disrupt the electrical system and engender conditions that increase the propensity for cardiac arrhythmias [15] , [4] .
Arrhythmias remain a leading cause of morbidity and mortality in the United States [1] . Implantable electrical defibrillators have significantly reduced mortalities, but they do not prevent the onset of arrhythmias. Antiarrhythmic drug therapy has, except with a small handful of exceptions, been surprisingly ineffective [28] , [22] . A better understanding of how Ca 2+ handling goes awry is likely to provide new avenues for antiarrhythmic drug therapies. In this paper, we extend an earlier 3-dimensional stochastic model of Ca 2+ handling [13] , [14] to now include dependence of Ca 2+ release on sarcoplasmic reticulum (SR) Ca 2+ concentration and the electrical system. The main question is then can spontaneous calcium release arise and propagate when the Ca 2+ level in the SR is dynamic as was shown in the static SR calcium case [8] .
One aim in creating this model is to address the hypothesis that spontaneous Ca 2+ release can feedback onto the electrical system via the sodium calcium exchanger to induce anomalous electrical activity such as delayed after depolarizations or early after depolarizations. Thus, adding in the sarcoplasmic reticulum component addresses having a dynamic driving force for calcium release events and including the electrical subsystem allows translation of the spontaneous calcium transients to changes in the transmembrane potential and potential arrhythmias.
Background
The sarcoplasmic reticulum (SR) is the main Ca 2+ storage organelle within cardiac myocytes. Local Ca 2+ releases in cardiac myocytes are known as calcium sparks, and they are required for cardiac muscle contraction; these are elementary events that trigger global calcium release [7] . Ca 2+ release units (CRUs) act as consortium of calcium-sensitive channels between the SR and the cytosol, and they are the pathway by which spark releases are made from the SR. The level of contractions of the heart are directly related to elevated Ca 2+ levels, so a disruption in the diffusion of cytosolic calcium and its removal from the cell impairs the ability of cardiomyocytes to relax. The propagation of waves, exemplified in Figure 2 .1, occurs due to the process of Ca 2+ -inducedCa 2+ -release (CICR) [10] whereby the elevated level of Ca 2+ from the extracellular space into the cytosol triggers CRUs to fire and release additional Ca 2+ from the SR. The Ca 2+ moving into the cytosolic space then acts as a messenger by increasing the concentration of cytosolic Ca 2+ and therefore directly activating CICR and release of Ca 2+ from the SR activating contraction [6] shown in waves. Calcium is spontaneously (or manually) elevated around a calcium release unit (CRU) as a calcium spark. Calcium diffuses to neighboring CRUs and, with sufficient concentration, opens them to release yet more calcium from the calcium stored in the sarcoplasmic reticulum (SR).
Spontaneous Ca
2+ waves are typically observed during overload of Ca 2+ concentration in the SR, causing depolarization of the cell membrane through the activation of sodium/calcium exchangers. Afterdepolarizations in membrane potential can occur when intracellular conditions depolarize the cell membrane to its threshold potential, inducing a spontaneous action potential [1] since Ca 2+ channels activate on membrane depolarization responding to action potentials. These channels are responsible for converting the electrical signal provided by the action potential to the movement of Ca 2+ into the cell. Invaginations of cell membrane in T-tubules allows close proximity of calcium channels (LCC) and calcium release units (CRUs) and efficient activation of CRUs by action potentials passed along with sodium (Na v ) and potassium (K v ) channels. Released calcium triggers muscle contraction and is taken back up into the SR via ATPases. Sodium calcium exchangers (NCX) remove calcium at the expense of bringing in sodium.
Extracellular calcium (Ca 2+ ) ions are necessary for contraction to occur in cardiac muscle cells [21] . Inward flow of a Ca 2+ current is important in linking electrical and mechanical excitation in the cardiac muscle cells. The L-type calcium channel (LCC) in the plasma membrane, connecting the extracellular to the intracellular space, is responsible for the excitation-contraction coupling (ECC), the physiological process by which the electrical stimulus in the form of an action potential is converted to a mechanical response, the contraction of the heart [2] . SR Ca 2+ release contributes the majority of Ca 2+ for cytosolic contractile activation, and SR load critically regulates SR Ca 2+ release during both ECC and spontaneous SR Ca 2+ release. These conditions have the ability to cause delayed afterdepolarizations and arrhythmias [19] . Spontaneous Ca 2+ waves are typically observed during overload of Ca 2+ in the SR, causing depolarization of the cell membrane. Certain conditions allow the cell to reach the threshold for activation of spontaneous electrical activity. This occurs due to the induction of inward current by the Ca 2+ waves produced. Ca 2+ buffering is a control system so as to slow down or regulate certain intracellular processes. It is the rapid binding of Ca 2+ to other substances in a space in the cell. When the Ca 2+ binds to buffers in order to form another compound, there is then a lower free Ca 2+ concentration in the SR [11] . Calsequestrin is non-mobile and acts as a major buffer in cardiac muscle cells by lowering the amount of unbound Ca 2+ in the SR space [16] . In this paper, we present a mathematical model for studying certain conditions in cardiomyocytes in order to determine their role in resulting Ca 2+ waves. Key elements to the model are the incorporation of the SR Ca 2+ store and its Ca 2+ flux through CRUs into the cell, buffer species in the SR, and a voltage model for current differences across the membrane so as to incorporate incoming Ca 2+ from the extracellular space through LCCs.
Methodology
In this section we will write down the original model by Izu et al. [14] that has been created to study spontaneous calcium release in a 3-dimensional cardiac cell. Then we add in the dynamic SR. Finally, we tack on a voltage model by Morris-Lecar [18] as a simple way to relate transmembrane potential and calcium influx into the cell. In order to track the change in concentration of calcium and buffer species in the cytosol, we utilize the following system of partial differential equations [13, 14] :
1)
2) We treat two cytosolic buffer species (nsc = 2) which can be roughly interpreted as a mobile fluourescent dye and immobile troponin molecules. The third term, J CRU , represents the influx of calcium when the CRU opens and its opening probability is calcium dependent. The fourth term, J leak , represents the leak of calcium from the SR into the cytosol that keeps the cell at equilibrium at basal level. The fifth term, J pump represents the pumping of calcium into the SR. The mathematical equations representing these last three flux terms are below:
Equations (3.4) and (3.5) are set up so that J pump and J leak balance each other when the calcium concentration is at basal level (i.e. no calcium from CRUs), but equation (3.4) can also balance out equation (3.6) when there is an increase in calcium due to CRUs opening. V pump is the maximal pump rate and K pump is the pump sensitivity. Equation (3.6) is comprised of three terms describing how much, when, and where calcium is released by the CRU. The first term represents how much calcium is released by the CRU, withσ being the constant maximum release rate of c into the cytosol. The second term is equation (3.7), the gating function, which is 0 if the CRU is closed and 1 if the CRU is open. To determine whether the CRU is open or closed, equation (3.8) calculates this probability based on calcium concentration and other constants determined from experimental data. This J prob value is then compared to a random number α, uniformly distributed between 0 and 1, to determine if the CRU opens or stays closed. The third term δ(X −X i ) is used to model the CRU's as point sources of calcium in three dimensions, so that calcium is released at just X i in our model.
SR Calcium
In the Izu model, implemented originally in [12] and further studied in [8] , SR Ca 2+ release depends only on the cytosolic Ca 2+ concentration at the CRU but Ca 2+ release also depends strongly on the SR Ca 2+ concentration [23] , [9] . To improve the current model we therefore included the dynamics for SR Ca 2+ s and the SR Ca
2+
buffers b j and made the Ca 2+ release depend on SR Ca 2+ :
The third set of terms (multiplied by γ) in equation (3.9) are identical to those in equation (3.1), but have opposite sign because Ca 2+ is conserved between the SR and cytosolic compartments. Also note that γ represents the ratio of the volume of the cytosol to the volume of the SR to make the change in concentration of the SR account for its significantly smaller volume. For clarity, notice that the summing of reaction terms is changed to R j to represent SR buffers, b j . We will consider a single buffer specie calsequestrin (nss = 1). Now to actually have s influence CRU openings, we had to modify J CRU and some of its terms as in the following:
Notice that in equation (3.11) , there is change in the first termσ from being a constant maximum release rate to being affected by the concentrations of s and c with the fraction (s − c)/(s 0 − c 0 ) with 1/(s 0 − c 0 ) to act as a scaling factor for comparison ofσ with static SR simulations. The second term is equation (3.7), the gating function, which now has s as an input variable due to the extra term in equation (3.12) . This extra term makes J prob depend on SR calcium in such a way that when s is high the probability of the CRU opening is the same as it used to be but when s is low the probability of the CRU opening is much smaller.
Voltage Model
To be able to consider the impact of the electrical system, we introduced the Morris-Lecar voltage model, described below.
Morris-Lecar Model
We assume a simple conductance model for cardiomyocytes, using the model of a barnacle muscle fiber composed of voltage-dependent Ca 2+ and K + channels. [18] , we make use of the different relaxation times of the Ca 2+ and K + conductances to study the oscillating state in some generality as shown below. We have also τ as a scaling factor for the MorrisLecar model to adjust the action potential duration to extend the period of the model to more physiological periods of hundreds of milliseconds. Equation (3.17) , combined with the equations below, represents a nonlinear Hodgkin-Huxley-like equation, and explains the excitation of the cell by varying the transmembrane potential or voltage, V , in the cell along with auxiliary gating variables for calcium conductance, m, and potassium conductance, n, with assigned constants from experimental data. The auxiliary functions are
14)
We study this reduced set of equations, in which the Ca 2+ system is assumed to be so much faster than the K + system that calcium conductance is instantaneously in quasi steady state at all times so m = m ∞ (V ). [18] . The model for calcium then becomes
The voltage and potassium gating variable equation are, respectively,
Now we see the effects of voltage on calcium dynamics through the J LCC term and its related flux terms below, which are formulated to mirror the J pump and J leak terms from equations (3.4) and (3.5) . Note that, due to a lack of evidence on the actual location of LCC channels, we have implemented two versions of our voltage model: one where Ca 2+ flux from the LCC channels is only present across from the CRUs of the SR and one where Ca 2+ flux from the LCC channels is present around the entire plasma membrane. In order to account for this difference, we multiply our J LCC term by volume/(number of CRUs) = (12.8 · 12.8 · 64)/6975 = 1.503 when we assume LCC channels are around the entire plasma membrane. The fluxes are Since the updated model uses partial differential equations, we apply the finite element method (FEM) in order to solve over a specific time period. FEM is a method of approximation used to solve systems of partial differential or nonlinear equations over even geometrically complicated domains. While real cells have membrane invaginations as T-tubules penetrating the cell to interact with CRUs, we consider a regular 3-dimensional grid of point-source-like CRUs as shown in Figure 3 www.sporajournal.orgmatrix-free [12] . The mathematical model is coded in C, run using parallel computing (MPI) to efficiently generate simulations of the model, and post-processed in Matlab.
Results
In order to visualize the data sets produced by our model, we utilize Matlab code to make three different types Based on our various additions to the model and their numerical implementation, we were able to produce numerous results indicating various types of Ca 2+ dynamics. These results were grouped into three major behaviors: localized sparks, waves, or blowups. And the parameters we have chosen to manipulate have some effect on shifting between these three comprehensive dynamics. Note that in Figure 4 .1(a) there is an almost periodic sideways "V" shape to the lighter blue shades where Ca 2+ concentration in the cytosol is higher in the cell. The farthest left point of a V implies Ca 2+ release from the initial CRU, here in the middle of the cell, triggering Ca 2+ release at nearby CRUs which also trigger Ca 2+ release at CRUs nearby to them. This CICR moves farther and farther towards the end of the cell in each direction, in effect creating a wave of Ca 2+ release in a "V" shape. Two other waves have initiated near each end of the cell and propagate toward the center until they collide with the centrally initiated wave and stop propagating. This Ca 2+ release is reflected in Figure 4 .1(b), the corresponding graph of SR Ca 2+ load over time. The downward spikes of the SR load correspond to the Ca 2+ increase in the cytosol at the same time. Despite this decrease in SR load, however, the scale on the left, indicating SR load (µM) shows that the decreasing Ca 2+ concentration stabilizes at about ∼ 3000 µM. in the cytosol that is never recovered back into the SR. This is what we call a blowup, because Ca 2+ floods the cytosol and the pumps to the SR and extracellular space cannot act quickly enough in order to remove it. Figure 4.3(b) shows this failure to pump Ca 2+ back into the SR with its dramatic decrease in SR Ca 2+ load over time, as depicted on the left scale, with a decrease to about 30% of the starting concentration. While the level does equilibrate to a regular rhythm of release and uptake based on CRU recovery timescale, the cytosolic level is deemed too large for physiological function. This is in contrast to the result in [8] where with the static SR and without SR depletion cytosolic calcium rise will continue relating to a true "blow-up" state. This is one key result of this additional to the model. Figure 4 .4(a) shows how we use τ to make the oscillations of the voltage match the timing of the action potential and how we use κ to scale the flux appropriately. Figure 4 .4(b) contrasts a line-scan from a run assuming that LCCs are everywhere in the cell membrane, to a line-scan from a run assuming that LCCs are found only near CRUs, Figure 4 .4(c). The line scan images show that with the LCCs juxtaposed with the CRU rather than dispersed, the propagation is better organized showing a stronger "V" shape. In order to preserve the same overall calcium flux through the cell membrane for every simulation, flux through each LCC in the model assuming that LCCs are everywhere will be less than that of the LCCs in the CRU-limited model, as shown in Figure 4 .4(a).
After we implemented the SR and its buffers into the model, we wanted to compare calcium dynamics with and without buffers in the SR as we changed certain parameters. The addition of buffers has the effect of shifting the quantitative thresholds of the transitions between calcium dynamics predictably [8] , so we do not show those results. Figure 4 .5 represents simulations under conditions with no buffers, with the different parameter sets we chose to fill in the values for K probc ,σ, SR calcium load, s 0 , diffusion coefficient, D SR , and K probs , each found from researching cardiac cells of different animals. These same parameters were used with simulations involving buffers. Every small colored square represents one simulation. Each parameter had multiple values, K probc ∈ {5, 10, 15} µM/ms,σ ∈ {100, 150, 180, 200} µMµm 3 /ms, s 0 ∈ {1000, 2000, 5000, 10000} µM, D SR ∈ {0.08, 0.20, 0.78} µm 2 /ms, V pump ∈ {2, 4, 6} µM/ms, and K probs ∈ {200, 550} µM/ms.
In Figure 4 .5 we found that V pump has a significant effective on calcium dynamics where the lower level V pump = 2 µM/ms allows for the full range of calcium dynamics. For this value of V pump with large SR diffusion sparks, waves, and blow-up were found as SR load increases for the range ofσ (Sigma in Figures 4.5 and 4.6) and K probc and whether or not release was very sensitive to SR calcium (e.g., in Figure 4 .6). These multiparameteric tables effectively act as multidimensional bifurcation diagrams allowing an efficient visual search through parameter space to find delineations of qualitatively different biophysical solutions. These extend similar images in [8] , e.g., Figure 6 in that work.
Discussion

SR Calcium Load
We have taken a model by Izu et al. [13, 14] implemented by Gobbert [12] and extended by Coulibaly et al. [8] in equations (3.1)-(3.8), and extended it to include a dynamic calcium store in the SR and a basic electrical model that provides an influx of calcium with depolarization in the Morris-Lecar model [18] written in equations (3.13)-(3.21). After including the effects of a dynamic SR calcium concentration in the mathematical model and adapting the given equations (3.11) and (3.12), we observed the resulting Ca 2+ dynamics, through linescan images similar to those in Figures 4.1(a), 4.2(a) , and 4.3(a). We found that we get similar calcium dynamics as without dynamic SR calcium but that with a dynamic SR even if calcium levels rise beyond physiological levels, as in blow-up, they must be capped.
With the calcium dynamic types given with K probs = 550 in Figure 4 .5 and K probs = 200 in Figure 4 .6, we were able to consider the effect of several parameters. When K probs was decreased, the production of waves became more likely. This trend makes sense within the biological model, as K probs signifies the CRU sensitivity to SR Ca 2+ concentration, so a lower sensitivity value means that the CRU will be more likely to open and allow Ca 2+ to enter into the cytosol, because it has a lower Ca 2+ concentration at which it opens.
Similarly to the CRU sensitivity to SR Ca 2+ , when K probc , the CRU sensitivity to cytosolic Ca 2+ , increases, waves occur less often. This also aligns with the biological model, as the CRUs are less likely to open until higher concentrations of cystolic Ca 2+ are reached. When V pump is increased, waves occur less under conditions that are otherwise the same. This also aligns with the biological phenomena. Since V pump is the strength of the pump that pulls Ca 2+ back into the SR, a higher value will mean that the Ca 2+ is taken back more quickly into the SR and then is not available to trigger other CRUs to spark.
Increasing D s brought about waves more often. Though this seems strange since this diffusion is only of the Ca 2+ within the SR, if Ca 2+ moves about more easily within the SR then it may be more likely to reach the CRU and travel through it into the cytosol, thus increasing the cytosolic Ca 2+ concentration. Increased s 0 also shows an increased occurrence of waves. This was also in alignment with the biological model, as an increased concentration of Ca 2+ in the SR at the same K probs would cause the CRUs to open and fire more often.
Waves also became more common asσ increased, aligning with intuition based upon the biological background. As the maximum release rate through the CRUs increased, then more Ca 2+ would flow into the intracellular space per unit time.
When the SR was loaded with high Ca 2+ concentration (s 0 = 10000 µM) and high SR diffusion coefficient (D s = 0.78 µm 2 /ms) at low strength of the SR pump (V pump = 2 µM/ms), the cytosol floods with Ca 2+ to the point where the pump, since it is so weak, is unable to respond by clearing cytosolic calcium. At these high concentrations, whenσ was a higher value, since the rate by which Ca 2+ left the SR and entered the intracellular space was higher, the simulated cell presented a similar inability to recover from these high concentrations of Ca 2+ .
SR Buffers
Upon including a buffer species, particularly calsequestrin, in the SR, the simulation results resulted in less wave occurrences and less blow-outs under the conditions specified in Section 5.1, compared to those from simulations run before including an SR buffer (Figures 4.5 and 4.6).
Since SR buffers decrease the concentration of free SR calcium available to signal CRUs to open in equation (3.3), we expect the presence of wave dynamics to decrease dramatically. Keeping the parameters constant, most runs that produced waves without buffers showed a spark dynamic with buffers included, as predicted. However, likely due to the parameter discretization, we observed few waves with the buffered simulations, even those which exhibit a major blowup without buffers, as depicted in Figures 4.5 and 4.6.
Voltage: Morris-Lecar Model
After implementing the Morris-Lecar Model (Section 3.2.1) and looking over our previous simulations, we chose a set of calcium handling parameters to run that had only produced sparks previously. Since including voltage means that cytosol Ca 2+ concentration would further increase, this intuitively meant we would be more likely to see waves on this set of parameters. Our first few runs produced voltage/flux plots like Figure 4 .4, where τ successfully fit the voltage to the flux at LCCs. After these runs, however, we quickly realized that the calcium influx was unrealistically large resulting in a blow-up dynamic for most parameters.
To counter this unrealistic behavior, we implemented κ in equation (3.19) in order to counteract the overflow of extracellular calcium into the cell. With the inclusion of this parameter, and with increased J mpump , we were able to manipulate the simulation to produce some wave-like behavior as shown in Figure 4 ages, we again see cytosol Ca 2+ concentration increasing at the same time as a voltage spike.
For the flux plots in Figure 4 .4, the later appearance of waves in 4.4(b) as compared with that 4.4(c) corresponds to the diffusion of Ca 2+ entering the cell through the individual LCCs to reach the CRUs elsewhere thus beginning the process of CICR, since the LCCs are everywhere in the cell as opposed to directly across from the CRUs. In the case of 4.4(b), since the LCCs are directly across from the CRUs with greater flux entering the cell from the extracellular space, then CICR is more easily triggered with the same pump sensitivity.
Conclusions
Based on our simulation observations, we have been able to make various conclusions regarding the influence of the extensions we implemented in the original mathematical model [14] . Increasing initial SR Ca 2+ concentration increases probability of calcium waves, though flooding of the cell can occur with a higher SR Ca 2+ diffusion coefficient and low strength of the SR pump that pulls Ca 2+ back into the cell. The addition of a buffer into the SR behaved as expected, decreasing the likelihood of wave propagation. Also as expected, we saw an increased probability of wave dynamics and, even more likely, calcium flooding in the cell when the voltage difference across the plasma membrane was included in the model. Overall, our findings aligned with known biological models and principles, giving us a thorough understanding of several factors that influence Ca 2+ dynamics in cardiac myocytes.
